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ABSTRACT
We discuss the stability and construct dynamical configurations describing the gravitational
collapse of unstable neutron stars with realistic equations of state compatible with the recent
LIGO-Virgo constraints. Unlike other works that consider the collapse of a stellar configuration
without a priori knowledge if it is stable or unstable, we first perform a complete analysis on
stellar stability for such equations of state. Negative values of the squared frequency of the
fundamental mode indicate us radial instability with respect to the collapse of the unstable star
to a black hole. We find numerical solutions corresponding to the temporal and radial behavior
during the evolution of the collapse for certain relevant physical quantities such as mass,
luminosity, energy density, pressure, heat flow, temperature and quantities that describe bulk
viscous processes. Our results show that the equation of state undergoes abrupt changes close
to the moment of event horizon formation as a consequence of dissipative effects. During the
collapse process all energy conditions are respected, which implies that our model is physically
acceptable.
Key words: Stellar stability – gravitational collapse – compact objects: neutrons stars, black
holes
1 INTRODUCTION
A neutron star is one of the densest forms of matter in the observ-
able universe, which is created as a result of gravitational collapse
of the central core of a massive star (> 8M) at the end of his life,
followed by a stellar phenomenon known as supernova explosion
(Lattimer & Prakash 2004). These stars can be detected under a va-
riety of circumstances, usually from optical and X-ray observations
(Lattimer 2012). The internal structure of a neutron star depends on
the nuclear equation of state (EoS). Nonetheless, we do not have a
perfect theory of cold and ultradense matter, and from the experi-
mental point of view such extreme conditions are not accessible to
current laboratory experiments (Özel & et al. 2016). In the litera-
ture there are dozens of different EoSs that are assumed to describe
neutron stars (Özel & Freire 2016), so the current strategy is to
combine available observations to constrain the underlying EoS of
dense matter. Recently the gravitational waves observation from
neutron star binary mergers has provided interesting information on
the internal composition of these objects, and it is allowing to re-
strict candidate EoSs for neutron-star matter (Abbott & et al. 2017,
2018; Schmidt & Hinderer 2019).
Neutron stars are so compact that it is essential to use general
relativity (GR) in order to study their internal structures. In GR it
is very well known that stellar configurations in hydrostatic equilib-
? E-mail: juanzarate@if.ufrj.br
rium correspond to solutions of the Tolman-Oppenheimer-Volkov
(TOV) equations. Nevertheless, this equilibrium does not guarantee
stability with respect to a compression or decompression caused
by a radial perturbation. In fact, there are two conditions for stellar
stability (Glendenning 2000): The necessary condition (also known
as the M(ρc) method) indicates the first maximum on the M(ρc)
curve, corresponding to a critical central density from which the
stars pass from stability to instability. In other words, hidrostatically
stable configurations belong to the region with positive slope (this
is, dM/dρc > 0) on the mass-central density curve. Furthermore,
a sufficient condition for stability is to calculate the frequencies of
the normal modes of relativistic radial pulsations. If any of these
squared frequencies is negative for a particular star, the frequency is
purely imaginary and, therefore, the perturbations grow or decrease
exponentially with time, i.e. the star is unstable (Bardeen et al.
1966). Otherwise, for positive squared frequencies we have stable
radial oscillations. If the two conditions for stability give compatible
results, then when the central density assumes its critical value, the
frequency of the fundamental mode must vanish.
For neutron stars with realistic EoSs, there are two regions
in the mass-central density relation that are unstable. On the low
densities side there is a instability point (which limits the mini-
mum mass of a neutron star) where the star can become unstable
with respect to an explosion, and on the higher central densities
side (where the total gravitational mass M is maximum) the star
become unstable with respect to implosion/collapse to a black hole
© 2020 The Authors
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(Kokkotas & Ruoff 2001). Here we are interested in studying the
second case, where the stellar models become unstable with respect
to gravitational collapse.
In that respect, some important contributions have been made
in the past. On the one hand, the numerical study of radial oscillation
modes of neutron stars in GR was carried out by Kokkotas and
Ruoff (Kokkotas & Ruoff 2001), where they present an extensive
list of frequencies for various zero temperature equations of state in
order to give information about the stability of such stars. On the
other hand, the gravitational collapse of neutron stars considered as
initial configurations was studied by the authors in (de Oliveira et al.
1986; Martínez & Pavón 1994; Martínez 1996; Pretel & da Silva
2019). The latter worried about the dynamics of the collapse and
transport processes, however, they did not perform an a priori study
on the stellar stability of the initial configuration. The EoS plays a
fundamental role in determining the internal structure of neutron
stars and, consequently, in imposing stability limits. Therefore, it is
important first to conduct a study on the stability of the initial static
Schwarzschild configurations.
The problem of gravitational collapse was originally ap-
proached by Oppenheimer and Snyder (Oppenheimer & Snyder
1939). They investigated the gravitational collapse of a spherically
symmetric distribution of matter with adiabatic flow, and with an
EoS in the form of dust cloud, initially at rest to a Schwarzschild
black hole. Years later, with the solution of the field equations for a
null fluid presented by Vaidya (Vaidya 1951) and with the junction
conditions deduced by Santos (Santos 1985), it was possible to build
more realistic gravitational collapse scenarios for isotropic fluids in-
cluding dissipative fluxes such as heat flow (de Oliveira et al. 1985;
Herrera et al. 1989; Bonnor et al. 1989; Herrera et al. 2006; Ivanov
2012) and shear and bulk viscosities (Chan et al. 1994). In addition,
models of gravitational collapse for anisotropic fluids with dissi-
pative processes (Chan 2001; Govender et al. 2019) and even with
electric charge (Pinheiro & Chan 2013; Ivanov 2019a,b; Mahomed
et al. 2019) have been developed in recent years.
The purpose of this paper is perform a complete analysis on
the stability and dynamical collapse of neutron stars with realistic
EoSs. In this respect, we first solve the TOV equations that de-
scribe the background of each equilibrium configuration. To verify
if such configurations are stable or unstable, we proceed to solve
the equations that govern the radial oscillations and we calculate the
frequencies of the normal modes. Once we are certain that a star is
unstable with respect to radial perturbations, we study the temporal
evolution of gravitational collapse from the initial static configu-
ration to the formation of an event horizon. During the dissipative
gravitational collapse we assume that the unstable star consists of
an isotropic fluid with bulk viscosity, a radial heat flow, and a outgo-
ing flux of radiation. Within the context of the classical irreversible
thermodynamics we calculate a temperature profile for the case of
thermal neutrino transport.
The plan of the present paper is as follows. In Sec. 2 we present
the equations for stellar structure and for radial oscillations. In Sec.
3 we define the quantities that describe the collapsing fluid, and
we derive the junction conditions as well as dynamical equations
for unstable compact stars whose final state is the formation of a
black hole. Also in Sec. 3, we calculate the thermal evolution of
the collapsing system and we provide the energy conditions for
our model. In Sec. 4 we present a discussion of the numerical
results. Finally, in Sec. 5 we summarize our conclusions. It is worth
mentioning that in all this work we use physical units.
2 STELLAR STRUCTURE AND STABILITY
In GR the field equations are given by
Rµν − 12gµνR = κTµν, (1)
where κ = 8piG/c4, Rµν is the Ricci tensor, and R denotes the scalar
curvature. Here G is the gravitational constant and c is the speed of
light in physical units.
In order to study non-rotating stars, we consider a spherically
symmetric system whose spacetime is described by the usual line
element
ds2 = gµνdxµdxν = −e2ν(dx0)2 + e2λdr2 + r2dΩ2, (2)
where x0 = ct, and dΩ2 = dθ2 + sin2 θdφ2 is the line element on
the unit 2-sphere. The functions ν and λ, in principle, depend on x0
and r .
On the other hand, with respect to the matter-energy distribu-
tion, we assume that the system is composed of an isotropic perfect
fluid (pf), this is,
Tpfµν = ( + p)uµuν + pgµν, (3)
being uµ the four-velocity of the fluid,  = c2ρ is the energy density
(where ρ indicates mass density), and p is the pressure.
2.1 Background and TOV equations
For a star in state of hydrostatic equilibrium none of the quanti-
ties depends on the temporal coordinate x0. Consequently, from
equations (1)-(3) together with the four-divergence of the energy-
momentum tensor (3), the stellar structure in hydrostatic equilibrium
is governed by TOV equations:
dm
dr
=
4pir2
c2
, (4)
dp
dr
= −G
[
p + 
c2
] [
m
r2
+
4pirp
c2
] [
1 − 2Gm
c2r
]−1
, (5)
dν
dr
= − 1
p + 
dp
dr
, (6)
where m(r) characterizes the mass contained within a sphere of
radius r . The metric function λ(r) is obtained by means of the
relation
e−2λ = 1 − 2Gm
c2r
. (7)
As usual, we define the stellar surface when the matter pressure
vanishes, i.e., p(r = R) = 0, and the total gravitational mass of the
star is given by M = m(R).
Given an EoS p = p(), equations (4) and (5) can be integrated
for a given central density and by guaranteeing regularity in the
center of the star, this is,
m(0) = 0, (0) = c . (8)
In addition, since the equilibrium system is a spherically sym-
metric star, the exterior spacetime of the star is described by the
Schwarzschild metric. Thus, the continuity of the metric on the
surface, imposes the following boundary condition for equation (6)
ν(R) = 1
2
ln
[
1 − 2GM
c2R
]
. (9)
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2.2 Equation of state (EoS)
In order to study the structure of neutron stars, we need to know its
EoS, which is understood as a thermodynamic relation among the
energy density, pressure of the fluid, and possibly other local fluid
variables such as temperature, baryon density, entropy per baryon,
etc. In other words, the EoS of dense matter is a crucial input to
close the system of equations (4)-(6).
Based on theoretical calculations (such as many-body calcula-
tions, relativistic mean-field calculations, etc.) the EoSs are usually
given in the form of tables. Then, it is common to perform nu-
merical interpolations between the tabulated points. However, since
there are different methods and orders of interpolation, this can
generate ambiguities in the calculated parameters for neutron stars.
Therefore, here we are going to use smooth analytical functions
for the EoSs deduced by the authors in (Haensel & Potekhin 2004;
Potekhin et al. 2013), so that numerical errors can be reduced.
Douchin and Haensel (Douchin &Haensel 2001) calculated an
“unified EoS” for neutron stars, describing both the thin crust (com-
posed of electrons and atomic nuclei as well as of free neutrons)
and the massive liquid core (which contains electrons (e), neutrons
(n), protons (p), muons (µ), and possibly other elementary particles
like hyperons, or quark matter). This EoS is based on the effective
nuclear interaction SLy (Skyrme Lyon). Years later, Haensel and
Potekhin (Haensel & Potekhin 2004) obtained an analytical repre-
sentation for the SLy EoS through the following parameterization
P(ξ) =a1 + a2ξ + a3ξ
3
1 + a4ξ
K0(a5(ξ − a6))
+ (a7 + a8ξ)K0(a9(a10 − ξ))
+ (a11 + a12ξ)K0(a13(a14 − ξ))
+ (a15 + a16ξ)K0(a17(a18 − ξ)), (10)
where P = log(p/dyn cm−2), ξ = log(ρ/g cm−3), and K0(x) =
1/(ex + 1). The coefficients of this fit ai can be found in (Haensel
& Potekhin 2004). Note that we are using “log” to denote “log10”,
while the natural logarithmwill be denoted by “ln”. Such an EoS has
an important feature; it is compatible with the recent LIGO-Virgo
constraints (Abbott & et al. 2017).
By completeness, we will also use two of the unified Brussels-
Montreal EoSs which are based on the nuclear energy-density func-
tionals with generalized Skyrme effective forces, known as BSk19
and BSk21 (Potekhin et al. 2013), and which significantly differ by
stiffness. In these cases, the analytical parametrization is given by
P(ξ) =a1 + a2ξ + a3ξ
3
1 + a4ξ
{exp[a5(ξ − a6)] + 1}−1
+ (a7 + a8ξ){exp[a9(a6 − ξ)] + 1}−1
+ (a10 + a11ξ){exp[a12(a13 − ξ)] + 1}−1
+ (a14 + a15ξ){exp[a16(a17 − ξ)] + 1}−1
+
a18
1 + [a19(ξ − a20)]2
+
a21
1 + [a22(ξ − a23)]2
, (11)
whose coefficients ai are given in (Potekhin et al. 2013). The EoSs
(10) and (11) are showed in figure 1, and will be used in this paper
in order to solve numerically the stellar structure equations.
2.3 Stability criteria
Along the sequence of equilibrium configurations on the mass-
central density curve, a necessary but not sufficient condition for
SLy
BSk19
BSk21
1 10 100 1000
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0.100
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1000
ϵ [MeV /fm3]
p
[M
eV
/f
m
3
]
Figure 1. SLy, BSk19, and BSk21 equations of state, given by (10) and (11).
stellar stability is (Glendenning 2000):
∂M(ρc)
∂ρc
= 0, (12)
this is, stars consisting of a perfect fluid (3) can pass from stability to
instability with respect to some radial normal mode only at a value
of central density for which the equilibrium mass is stationary.
Nevertheless, a sufficient condition for the analysis of stabil-
ity of relativistic stars with respect to radial perturbations is de-
termine the frequencies of normal modes of vibration. The equa-
tions that govern the radial adiabatic oscillations for a spherical star
with isotropic pressures in GR were first derived by Chandrasekhar
(Chandrasekhar 1964b,a), where Einstein equations are linearized
around the equilibrium configuration to generate a Sturm-Liouville
problem. Thenceforth, equations that govern such pulsations have
been rewritten in several forms in the literature (Chanmugam 1977;
Väth & Chanmugam 1992; Gondek et al. 1997; Kokkotas & Ruoff
2001; Panotopoulos & Lopes 2017; Sagun et al. 2020), some of
them being suitable for numerical computations. Here we will use
the Gondek’s form (Gondek et al. 1997). If it is assumed that the
radial displacement function (as well as the metric functions and
thermodynamics quantities) has a harmonic time dependence like
δr(t, r) = ς(r)eiωt , and by defining a new variable ζ = ς/r , we
have two first-order time-independent equations
dζ
dr
= −1
r
(
3ζ +
∆p
γp
)
− dp
dr
ζ
p + 
, (13)
d(∆p)
dr
= ζ
[
ω2
c2
e2(λ−ν)(p + )r − 4 dp
dr
−κe2λ(p + )rp + r
p + 
(
dp
dr
)2]
+ ∆p
[
1
p + 
dp
dr
− κ
2
(p + )re2λ
]
, (14)
where γ = (1 + /p)dp/d denotes the adiabatic index at constant
specific entropy, and ∆p = δp + ςdp/dr is the Lagrangian per-
turbation of the pressure, with δp being the Eulerian perturbation
(Shapiro & Teukolsky 1983).
Equation (13) has a singularity at the origin (r = 0). In order
that dζ/dr to be regular everywhere, it is required that as r → 0 the
MNRAS 000, 1–12 (2020)
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coefficient of 1/r term must vanish, so that
∆p = −3γζp as r → 0. (15)
The surface of the star is determined by the condition that for r → R,
we must have p → 0. This implies a condition on the Lagrangian
perturbation of the pressure on the stellar surface,
∆p = 0 as r → R. (16)
3 GRAVITATIONAL COLLAPSE
3.1 Interior spacetime and transport equations
It is well known that the formation of neutron stars and black holes
is the result of a period of radiating gravitational collapse in which
massless particles (photons and neutrinos) carry thermal energy for
exterior spacetime (Herrera & Santos 2004;Mitra 2006). In fact, the
gravitational collapse is a highly dissipative process, so it becomes
mandatory to take into account terms that describe departure from
the equilibrium state (characterised by the absence of transport
phenomena) (Herrera et al. 2006). Therefore, it is relevant to invoke
the relativistic hydrodynamic equations of non-perfect fluids (npf).
The dissipative contribution to the energy-momentum tensor can be
written into two parts as
Tdissµν = Sµν + Tfluxµν , (17)
where Sµν represents the viscous contributions and is usually
known like viscous stress tensor, given by
Sµν = piµν + Πhµν, (18)
being piµν the shear stress tensor, Π the bulk viscous pressure, and
hµν = gµν + uµuν is the standard projection tensor orthogonal to
the four-velocity.
On the other hand, by recalling that in the Newtonian formal-
ism the heat flow is described by a three-vector ®q = −κ¯∇T , the
relativistic generation of energy fluxes is given by Tfluxµν = 2q(µuν).
Parentheses around the set of indices denote symmetrization and
qµ is the heat flux four-vector. Ultimately, by collecting all these
contributions, the energy-momentum tensor of a non-perfect fluid
Tnpfµν = T
pf
µν + Tdissµν can be written explicitly as
Tnpfµν = uµuν + (p + Π)hµν + qµuν + qνuµ + piµν, (19)
where Π, qµ and piµν are also known as thermodynamic fluxes and
they account for the deviations of the dissipative fluid from a perfect
fluid. They satisfy the following properties
uµqµ = 0, uµpiµν = 0, pi
µ
µ = 0. (20)
Within the formalism of Classical Irreversible Thermodynam-
ics (which in the last decades has been notoriously criticized by
non-causality and instability but is still widely used as an ap-
proximation), from relativistic-hydrodynamic equations and laws
of thermodynamics, the transport equations for the propagation of
dissipative fluxes are given by (Rezzolla & Zanotti 2013)
Π = −ζ¯Θ, (21a)
qµ = − κ¯c
(
h νµ ∇νT + Tuν∇νuµ
)
, (21b)
piµν = −2ησµν, (21c)
where ζ¯ , κ¯ and η are the thermodynamic coefficients of bulk vis-
cosity, thermal conductivity and shear viscosity, respectively. The
heat flux and the temperature profile (T) inside the star are related
through the heat conduction equation (21b), this is, the relativistic
Fourier law (Eckart 1940).
Our proposal here is to introduce a temporal dependency on
the metric components in such a way that under a certain limit we
can fall into the static case. Thus, in order to perform a realistic time
description about the dynamic collapse of neutron stars, we assume
that interior spacetime of the collapsing star is described by the line
element
ds2 = −e2ν(r)(dx0)2 + e2λ(r) f (x0)dr2 + r2 f (x0)dΩ2, (22)
in comoving coordinates. In the static limit f (x0) → 1 we recover
equation (2)which describes the initial static star.Oncewe know that
a certain configuration in hydrostatic equilibrium is unstable (with
its ultimate fate being the gravitational collapse), the dynamical
instability is governed by the metric (22). Taking into account that
the dimensionless four-velocity satisfies the normalisation condition
(i.e., uµuµ = −1), and the first relation in (20), we have
uµ = e−νδµ0 , q
µ =
q
c
δ
µ
r , (23)
where q = q(x0, r) is the rate of energy flow per unit area along the
radial coordinate.
In addition, it is useful to introduce some quantities that de-
scribe the kinematic properties of the collapsing fluid: the four-
acceleration, the expansion scalar, and the shear tensor, namely,
aµ = c2uα∇αuµ = c
2ν′
e2λ f
δ
µ
r , (24a)
Θ = c∇µuµ = 3c2eν
Ûf
f
, (24b)
σµν = c∇(µuν) +
1
c
a(µuν) −
1
3
Θhµν = 0, (24c)
where the dot and the prime stand for partial derivative with respect
to x0 and r , respectively. It is evident that for this model we have
piµν = 0.
3.2 Junction conditions and dynamical equations on the
stellar surface
As the non-perfect fluid collapses, it emits radiation in the form of
a null fluid, hence the exterior spacetime is described by the Vaidya
metric (Vaidya 1951; Mkenyeleye et al. 2014)
ds2 = −
[
1 − 2Gm(v)
c2 χ
]
c2dv2 + 2εcdvdχ + χ2dΩ2, (25)
where m(v) represents the mass function that depends on the re-
tarded time v, and ε = ±1 describes the incoming (outgoing) flux
of radiation, respectively. In our case the radiation is expelled into
outer region so that dm/dv ≤ 0. In other words, the collapsing star
is losing mass due to the emitted radiation.
During the gravitational collapse the interior spacetime is de-
scribed by (22), while the outer region is described by the line ele-
ment (25). Therefore, in order to guarantee continuity and smooth-
ness between these geometries, it is necessary to invoke the junction
conditions on the boundary surface connecting the two regions (a
spherical hyper-surface usually denoted by Σ) established by Israel
MNRAS 000, 1–12 (2020)
Stability and gravitational collapse of neutron stars with realistic equations of state 5
(Israel 1966, 1967). Such conditions lead to the following relations
χΣ =
[
r
√
f
]
Σ
, (26a)
mΣ =
c2R
√
f
2G
[
1 +
r2
4e2ν
Ûf 2
f
− 1
e2λ
]
Σ
, (26b)
pΣ =
[ q
c
eλ
√
f + ζ¯Θ
]
Σ
, (26c)
zΣ =
[
dv
dτ
]
Σ
− 1 =
[
1
eλ
+
r
2eν
Ûf√
f
]−1
Σ
− 1, (26d)
being zΣ the boundary redshift of the radial radiation emitted by the
collapsing star, τ is the proper time defined on Σ and dτ = eν(R)dt.
It is clearly seen that in the static limit mΣ corresponds to the total
mass of the initial Schwarzschild configuration M , and the redshift
is reduced to zΣ = eλ(R) − 1, this is, the gravitational redshift of
light emitted at the surface of the neutron star initially in hydrostatic
equilibrium.
Now we can obtain the total luminosity perceived by an ob-
server at rest at infinity, namely,
L∞ = −c2
[
dm
dv
]
Σ
= 4pi f 3/2
[
qr2
eλ
(
reλ
2eν
Ûf√
f
+ 1
)2]
Σ
, (27)
so that the luminosity of the collapsing sphere as measured on its
surface is related with L∞ through equation
LΣ = L∞(1 + zΣ)2 = 4pi f 3/2
[
qr2eλ
]
Σ
. (28)
3.3 Field equations
For the energy-momentum tensor (19) and line element (22), the
field equations (1) assume the explicit form
(x0, r) =1
κ
[
−1 − e
2λ − 2rλ′
r2e2λ f
+
3
4e2ν
Ûf 2
f 2
]
, (29)
p(x0, r) =1
κ
[
1 − e2λ + 2rν′
r2e2λ f
− 1
e2ν
( Üf
f
−
Ûf 2
4 f 2
)]
+
3cζ¯
2eν
Ûf
f
, (30)
q(x0, r) = − cν
′
κeν+2λ
Ûf
f 2
, (31)
that is, equations (29), (30) and (31) describe the temporal and
radial behavior of the energy density, pressure and heat flow during
gravitational collapse for each unstable stellar configuration.
In view of this, by considering equations (30) and (31) into
(26c) on the stellar surface, the temporal evolution of our model is
fixed by
d2 f
dt2
− 1
4 f
(
df
dt
)2
− GM
cR2
1√
f
df
dt
= 0, (32)
so the first integration of (32) yields
df
dt
=
4GM
cR2
[√
f − f 1/4
]
, (33)
whose solution is given by
t =
cR2
2GM
[√
f + 2 f 1/4 + 2 ln
(
1 − f 1/4
)]
. (34)
The divergence of the expression (26d) indicates the formation
of an event horizon (i.e., the surface that encloses the interior space-
time of a black hole and from which no information can escape)
resulting from gravitational collapse of an unstable star,
fbh = 16
[
GM
c2R
]4
. (35)
For configurations in gravitational collapsewemust have 0 < f ≤ 1,
this is, the function f decrease monotonically from the value f = 1
(when the model is static) to f = fbh (when the star becomes a
black hole). The time goes from t = −∞ to t = tbh , but a time
displacement can be done without loss of generality. Equation (34)
provides t as a function of f , however, it is more useful to obtain
f (t) in order to analyze the physical quantities as a function of
time as a star collapses. Taking this into account, it is convenient to
numerically solve equation (32) as if it were an final value problem
by specifying a value of f (t) and df (t)/dt at time t = tbh . These
two final conditions are established through equations (33)-(35).
It is worth emphasizing that when f → 1 the external solution
is Schwarzschild-type, the hydrostatic equilibrium is governed by
the TOVequations, and all dissipative flows are null. However, when
the star gradually begins to collapse the thermodynamic quantities
are described by themetric functions in (22), and the exterior Vaidya
spacetime is completely determined by m(v) which, in turn, is de-
termined from the interior metric through the solution of equation
(32).
The mass corresponding to the black hole formed is obtained
from equations (26b), (33) and (35),
mbh = 2
GM2
c2R
, (36)
which depends only on the initial conditions of the unstable neutron
star. In fact, such initial data depends mainly on the central density
and the EoS adopted to describe the unstable equilibrium. In our
analysis, what defines dynamical instability with respect to radial
perturbations is the imaginary frequency of the lowest mode of
oscillation. As pointed out by Joshi andGoswami (Joshi&Goswami
2004), the initial data play an important role in causing a black hole
(where the spacetime singularity is necessarily hidden behind the
event horizon according to the cosmic censorship conjecture) or a
naked singularity (when the singularity is not covered by an event
horizon) in the final state of a gravitational collapse.
3.4 Thermal evolution
In astronomy and astrophysics, the stars are often modelled like
blackbodies in order to determine its surface temperature (Boehm-
Vitense 1981). Under this approximation, if we assume that the
collapsing star radiates as a blackbody, we can calculate an effective
surface temperature measured by an observer at rest at infinity by
means of the Stefan-Boltzmann Law, namely
T4eff,Σ =
L∞
4piσ f R2
, (37)
where σ = 5.6704 × 10−8 W · m−2 · K−4 is the Stefan’s constant.
As a result, according to equations (27), (31), and (33), we get
T4eff,Σ =
cGM2
2piσR4
[
f −1/4 − 1
f
] [
1 − 2GM( f
−1/4 − 1)
c2R − 2GM
]2
. (38)
Let us proceed to examine the thermodynamical behavior of
the collapsing dissipative fluid and their implications. Field equa-
tions do not give us information on how the temperature of a star
evolves as it collapses. Accordingly, we have to resort to relativistic
transport equations. In particular, the Fourier-Eckart law (21b) for
heat transport takes the form
κ¯
∂
∂r
(eνT) = −eν+2λ f q, (39)
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and for physically reasonable models, it is often assumed that heat
is carried to exterior spacetime through thermally generated neu-
trinos (Martínez 1996; Govender et al. 1998, 1999), so that the
thermal conductivity can be written as κ¯ = αT3−β . Thus, from the
expression (39) we obtain the following differential equation for
temperature
∂
∂r
[
(eνT)4
]
+
4
α
f qe(4−β)ν+2λ
[
(eνT)4
]β/4
= 0, (40)
which entails that
(eνT)4−β = β − 4
α
∫
f qe(4−β)ν+2λdr + C(t), β , 4. (41)
The integration function C(t) can be determined from the ef-
fective surface temperature (38). In other words, we use a boundary
condition for temperature profile, given by TΣ = Teff,Σ . Therefore,
taking into account equations (31), (33) and (38), the integral in
(41) can be explicitly calculated to yield
T4−β(x0, r) = c
3M
2piαR2
(
β − 4
β − 3
) [
f 1/2 − f 1/4
f
] [
1
eν
− 1
a
( a
eν
)4−β ]
+
[
cGM2( f −1/4 − 1)
2piσR4 f
] 4−β
4
[
a2
e2ν
− 2GM( f
−1/4 − 1)
c2Re2ν
] 4−β
2
, (42)
for β , 3, 4, and where a = eν(R), i.e., a constant defined on the
surface of the star.
The surface temperature given by (38) is of the order of 1012 K
for unstable neutron stars and we expect it to rise as we approach
the center. In addition, it is well known (Shapiro & Teukolsky 1983)
that at very high temperatures (T & 109 K) the dominant mode of
energy loss via neutrinos in collapsing stars is from the so-called
Urca process. The simplest Urca process involves neutrons, protons
and electrons:
n→ p + e + ν¯e, e + p→ n + νe, (43)
this is, a chain of two (direct and inverse) reactions, where νe and
ν¯e are the electron neutrino and antineutrino, respectively. Thus,
since the thermal neutrino processes are relevant during the gravi-
tational collapse, Martinez (Martínez 1996) assumed that neutrinos
are thermally generated with energies close to kBT in order to bring
about the following effective mean free path of radiation
λeff ∼
√
λnλe ≈ 80.9 kg · J
3/2 ·m−2
ρ
√Ye(kBT)3/2
, (44)
being ρ the mass density in kg/m3, Ye the electron fraction, and
kB = 1.38 × 10−23 J · K−1 is the Boltzmann’s constant.
If the collapsing system is a mixture of matter and radiation,
the thermal conductivity coefficient and the bulk viscous coefficient
are given by (Weinberg 1971)
κ¯ =
4b
3
T3λeff, (45)
ζ¯ =
4b
c2
T4λeff
[
1
3
−
(
∂p
∂
)
n
]2
, (46)
where b = 7σ/8 for neutrinos. Then we can identify β = 3/2, and
for Ye = 0.2 the proportionality factor α takes the form
α =
2.3 × 1029
ρ
kg ·W
m4 · K5/2 . (47)
Nonetheless, for our model the approximate expression given
in (44) leads to Π ∼ 1037 Pa and, therefore, a negative pressure
according to equation (30). For this reason, we decide to use the ef-
fective mean free path obtained by Shapiro and Teukolsky (Shapiro
& Teukolsky 1983), namely
λeff ∼
1.3 × 10−6 m · (kg/m3)7/6 · J5/2
ρ7/6(kBT)5/2
. (48)
We would like to have a more exact expression for λeff , but for our
purposes it is enough to adopt the form (48). The choice of this
mean free path, which admittedly provides only an approximated
description, is justified because the main aim here is to test the
validity of our model. Under such an approximation, we have β =
5/2, and
α =
1.2 × 1044
ρ7/6
W · (kg/m3)7/6
m · K3/2 . (49)
3.5 Energy conditions for the collapsing fluid
In order for our stellar collapse model to be physically reasonable,
it is necessary that it obey the weak, dominant and strong energy
conditions. To verify if such conditions are satisfied, we follow the
same procedure used by the authors in (Kolassis et al. 1988). As the
energy-momentum tensor corresponding to a non-perfect fluid has
components outside the diagonal, it is required its diagonalization.
Indeed, the eigenvalues Υ of the energy-momentum tensor diago-
nalized are the roots of the equation |Tnpfµν − Υgµν | = 0, which can
be explicitly written as
( + Υ)e2ν −q˜√ f eν+λ 0 0
−q˜√ f eν+λ (Q − Υ) f e2λ 0 0
0 0 (Q − Υ) f r2 0
0 0 0 (Q − Υ) f r2 sin2 θ
 = 0,
(50)
being q˜ = qc
√
f eλ and Q = p+Π. Then, equation (50) has the roots
Υ0 = −12 ( − Q + ∆), (51a)
Υ1 = −12 ( − Q − ∆), (51b)
Υ2 = Υ3 = Q, (51c)
where we have defined ∆ =
√
( + Q)2 − 4q˜2.
According to Ref. (Kolassis et al. 1988), the energy conditions
in terms of eigenvalues are given by:
? Weak energy conditions (WEC){
−Υ0 ≥ 0,
−Υ0 + Υi ≥ 0, for i = 1, 2, 3.
This implies the following inequalities
∆ ≥ 0, (52a)
 + ∆ − p − Π ≥ 0, (52b)
 + ∆ + p + Π ≥ 0. (52c)
? Dominant energy conditions (DEC)
−Υ0 ≥ 0,
−Υ0 + Υi ≥ 0, for i = 1, 2, 3.
Υ0 + Υi ≤ 0, for i = 1, 2, 3.
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The first two inequalities have already been considered in weak
energy conditions. With respect to the third inequality, we have
 − p − Π ≥ 0, (53a)
 − 3(p + Π) + ∆ ≥ 0. (53b)
? Strong energy conditions (SEC){
−Υ0 +
∑3
i=1 Υi ≥ 0,
−Υ0 + Υi ≥ 0, for i = 1, 2, 3.
From the first inequality, we get
∆ + 2(p + Π) ≥ 0, (54)
while the second inequality has been included in the other condi-
tions.
If the energy conditions (52a) and (53a) are respected, it is clear
that inequality (52b) will be satisfied. Similarly, the satisfaction of
the conditions (53a) and (54) guarantees the fulfillment of (52c).
Therefore, it is only necessary to verify the energy conditions (52a),
(53a), (53b) and (54) to know if our model is physically acceptable.
A graphical analysis thereof will be shown in the next section for
an unstable neutron star during its collapse process.
4 NUMERICAL RESULTS AND DISCUSSION
Given a value of central mass density ρc , the background equations
(4)-(6) can be numerically solved subject to conditions (8) and (9).
Thus, for each equilibrium configuration with radius R and total
gravitational mass M = m(R), we obtain the metric functions ν
and λ as well as the thermodynamic quantities as functions of the
radial coordinate. The mass-radius diagram of sequences of static
stellar configurations with EoSs (10) and (11) is presented in the
left panel of Fig. 2. Our second step is to find out whether these
equilibrium configurations are stable or unstable with respect to
a radial perturbation. There is a critical central density ρcrit for
which the gravitational mass as a function of ρc is maximum, so
that when ρc = ρcrit the frequency of the fundamental mode must
vanish. In table 1 we present these critical densities for each EoS.
In the right panel of Fig. 2 the critical densities correspond to
the maximum of each curve in the mass-central density diagram.
Thus, for central densities lower than the critical density (i.e., when
dM/dρc > 0) all neutron stars belonging to this region are stable.
Stellar configurations that do not satisfy this necessary condition for
stability are unstable. The first observation of gravitational waves
from a binary neutron stars system, GW170817, detected by the
Advanced LIGO and Advanced Virgo gravitational-wave detectors
(Abbott & et al. 2017), suggests that the mass for each component is
in the range 1.17 < M < 1.6, in solar mass units. In tables A1, A2,
and A3 we can see that they are in the stable region of our model, to
all hypotheses of equation of state considered. Therefore, our model
is compatible with the existence of stable stars in this mass range.
The numerical integration of differential equations (13) and
(14) is carried out using the shootingmethod, that is, we integrate the
equations for a set of trial values ofω2 satisfying the condition (15).
In addition, we consider that normalized eigenfunctions correspond
to ζ(0) = 1 at the origin, and we integrate to the stellar surface. The
values of the frequency ω for which the boundary condition (16)
is satisfied are the correct frequencies of the radial pulsations. In
particular, for a central mass density ρc = 4.0 × 1018 kg/m3, we
show in the left panel of Fig. 3 the Lagrangian perturbation of the
pressure for a set of test values ω2, where each minimum indicates
Table 1. Neutron stars with maximum masses in GR. The density values
correspond to the critical central density ρc = ρcr it for which the total
gravitational mass M as a function of ρc is a maximum.
EoS ρc [1018 kg/m3] R [km] M [M]
SLy 2.858 9.981 2.046
BSk19 3.477 9.103 1.859
BSk21 2.290 11.041 2.272
the appropriate frequency. As a consequence, for a given star there
are different eigenvalues ω20 < ω
2
1 < · · · < ω2n < · · · with their
respective eigenfunctions ζn(r) and ∆pn(r), where n represents the
number of nodes inside the star. The eigenvalue corresponding to
n = 0 is the fundamental mode, has the shortest frequency, and
has no nodes between the center and the surface, whereas the first
overtone (n = 1) has a node, the second overtone (n = 2) has two,
and so on. We calculate the frequencies fn = ωn/2pi of the first
two radial modes for some values of central mass density, which
are presented in tables A1, A2, and A3 for SLy, BSk19, and BSk21
equations of state, respectively. As in the Newtonian case, ifω2 > 0,
then ω is real and the eigenfunction ς(r)eiωt is purely oscillatory
(this is, the state of equilibrium is stable). On the other hand, for
ω2 < 0, the frequency is imaginary and the perturbations grow
or decrease exponentially with time. This mean that for negative
values of ω2, we have unstable radial oscillations (Bardeen et al.
1966; Kokkotas &Ruoff 2001). Notice that if the fundamental mode
of a star is stable (ω20 > 0), then all radial modes are stable. Indeed,
according to the right panel of Fig. 3, the sufficient condition (i.e.,
ω2 > 0) is also satisfied, yielding a good agreement between the
two methods for stellar stability. This indicates that the maximum
mass point and ω20 = 0 are found at the same value of central mass
density.
Stable neutron stars oscillate with a purely real (fundamental)
frequency when are subjected to a radial compression or decom-
pression, while the unstable stars (with central densities greater
than critical density) suffer a gravitational collapse from rest to a
black hole. In order to study the dynamical evolution of this im-
plosion, we assume that the unstable configurations are initially
in a state of hydrostatic equilibrium and then gradually begin to
collapse until the formation of an event horizon. In the case of
unstable neutron stars with SLy EoS, for an initial central mass
density ρc = 4.0 × 1018 kg/m3, we solve equation (32) with fi-
nal conditions f = 0.162 and df /dt = −9.402 × 103 s−1 at time
t = tbh = −1.685 × 10−5 s. Then we can do a time displacement
so that this configuration evolves from the instant t = 0 (when the
interior structure is governed by TOV equations) until the moment
of horizon formation tbh = 2.244 ms (when the star has collapsed
and the resulting black hole has a mass mbh = 1.278 M). The
radial behavior of energy density (29) and heat flux (31) at different
times are shown in the left and right panels of Fig. 4, respectively.
The energy density always presents its maximum value at the stellar
center and it changes considerably in the last instants of the col-
lapse, while on the surface the change is relatively small. The radial
heat flux undergoes great alterations in the intermediate zones of
the collapsing star and its value is not zero on the surface. Notwith-
standing that in the first two milliseconds these quantities remain
almost constants, in the last 0.24 milliseconds there are relevant
changes. This indicates that dissipative flows play an important role
in the last stages of gravitational collapse.
Each EoS provides unstable stars with different parameters
(in particular, different values of fbh), so considering the same
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central density for the BSk19 and BSk21 equations of state, the
radial profiles of the energy density and heat flux at time t = tbh
are displayed in figure 5. Moreover, in figure 6 we illustrate the
temporal evolution of the physical quantities given by (26b), (27),
and (28). The total gravitational mass (upper panel) decreases as
the star collapses. This can be attributed to the fact that the star
is emitting a large number of particles into outer spacetime. In
table 2 we present the percentage of mass loss for some unstable
configurations, revealing that at higher initial central densitywe have
less mass loss regardless of the EoS. The luminosity perceived by
an observer at rest at infinity (intermediate panel) has a maximum
growth followed by an abrupt fall until the black hole formation.
Ultimately, according to the lower panel of figure 6 the luminosity
measured on the stellar surface grows steeply in the final moments
due to the fact that the gravitational redshift tends to infinity as the
collapse approaches the horizon formation.
The thermal evolution of the gravitational collapse is obtained
from equation (42). For β = 5/2 and α given by the expression
(49), we can obtain a radial profile of the temperature at different
times, which is plotted on both panels of Fig. 7. It always presents
its maximum value at the center, and as expected, it decreases as we
approach the surface of the collapsing star. Furthermore, according
to the right panel of the same figure, on a logarithmic scale we can
see that near the stellar surface the temperature changes considerably
since on the surface it is of the order of 1012 K. These sudden
changes are associated with the behavior of the energy density near
the surface through equation (49). In the left panel of Fig. 8 we
display the bulk viscous coefficient, indicating that it assumes its
maximum value at the origin, but at about 2.5 km before reaching
the surface it vanishes for any instant of time. The bulk viscous
pressure defined by (21a) is plotted in the right panel of the same
figure, andwe notice that it has a behavior similar to the bulk viscous
coefficient. In the static limit the pressure is of the order of 1035 Pa,
so that we can already perceive that the bulk viscous pressure is very
small compared to the first term on the right-hand side of equation
(30).
The radial profile of the pressure at different times is illustrated
in the left panel of Fig. 9. At every instant of time the pressure al-
ways increases as we approach the horizon formation and decreases
from the center to the surface. One can see that the pressure at the
surface is no longer zero as in the static case, and this is because
there exist a contribution from the radial heat flux and from the
bulk viscous pressure, as indicated by equation (26c). Gathering
the results obtained for the energy density and pressure, we can
investigate how the EoS behaves as the star collapses. The right
panel of Fig. 9 indicates that the equation of state undergoes signif-
icant changes during the collapse of an unstable neutron star. The
maximum and minimum values in each curve correspond to the
center and the surface of the star, respectively. This can be better
visualized in a three-dimensional graph as is presented in figure 10.
Finally, the collapsing neutron star with initial central mass density
ρc = 4.0 × 1018 kg/m3 and SLy EoS, is physically reasonable be-
cause it satisfies the energy conditions in the full extent of the star
and throughout the collapse process. Indeed, the energy conditions
(52a), (53a), (53b) and (54), denoted by:
WEC = ∆ [1036 J ·m−3],
DEC1 =  − p − Π [1035 J ·m−3],
DEC2 =  + ∆ − 3(p + Π) [1036 J ·m−3],
SEC =  + 2(p + Π) [1036 J ·m−3],
are presented in Fig. 11, respectively. It is important to mention that
Table 2. Percentage of mass loss during the collapse process of unstable
stars for each EoS, this is (M−mbh )M × 100%.
ρc [1018 kg/m3] SLy BSk19 BSk21
2.50 – – 38.25
3.00 38.91 – 36.79
3.50 37.46 39.59 35.89
4.00 36.58 38.15 35.39
5.00 35.52 36.47 34.84
6.00 35.10 35.64 34.70
we have tested this procedure for the other values of initial central
density shown in table 2, obtaining a similar behavior during the
evolution of the collapse.
5 CONCLUSIONS
Within the framework of general relativity, in this work we have
studied the stability against radial oscillations and the dynamical
gravitational collapse of neutrons stars for three realistic equations
of state. To check if the equilibrium configurations are stable or un-
stable with respect to a radial perturbation, we solved the equations
that govern the radial pulsations and calculated the frequencies of
the vibration modes. Then we proceed to study the temporal evo-
lution of the gravitational collapse of unstable stars to the moment
of horizon formation. This was achieved by introducing a time de-
pendence on metric functions so that under a certain limit we could
recover the static case. The junction conditions and dynamical equa-
tions that describe some relevant physical quantities of neutron stars
undergoing dissipative gravitational collapse were derived.
The radial heat flow plays a fundamental role during the col-
lapse, it allowed us to obtain a temperature profile using the rel-
ativistic thermodynamic formalism developed by Eckart for heat
transport. Consequently, we have investigated the temporal and ra-
dial behavior of the bulk viscous coefficient as well as the bulk vis-
cous pressure. Once the energy density and pressure were known,
we were able to examine how the equation of state evolves as an un-
stable neutron star collapses. Finally, we emphasize that our stellar
collapse model satisfies all energy conditions for all extent of the
star and throughout the collapse process, which is crucial for the
physical validity of the system.
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Figure 7. Left panel: Radial profile of the temperature at different times (in ms units) during the gravitational collapse. Right panel: The same radial behavior
on a logarithmic scale where it can be seen that near the surface the temperature undergoes considerable changes. As we move away from the surface towards
the stellar center, the temperature is 105 times larger. We have used β = 5/2 and α given by (49), for an initial central mass density ρc = 4.0 × 1018 kg/m3
with SLy EoS.
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Figure 8. Bulk viscous coefficient (left panel) described by equation (46) and bulk viscous pressure (right panel) given by (21a) as functions of the radial
coordinate at different times. The central density and parameters α and β have the same values as in figure 7.
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Figure 9. Left panel: Radial profile of the pressure given by (30). Right panel: Evolution of the SLy equation of state during the gravitational collapse by
considering the same parameters used in figure 7.
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including the radial coordinate.
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APPENDIX A: PARAMETERS AND OSCILLATION
SPECTRUM OF NEUTRON STARS WITH (10) AND (11)
EOS
In this appendix we provide three tables of numerical data corre-
sponding to each equation of state. For some values of central mass
density, we present the radius, total mass, frequency of the funda-
mental mode and the first overtone, as well as the mass of the black
hole formed for the unstable configurations. In the case of unstable
stars, when ω20 is negative, the frequency is imaginary and we are
denoting it by an asterisk.
This paper has been typeset from a TEX/LATEX file prepared by the author.
Table A1. Data for the SLy EoS.
ρc R M f0 f1 mbh
[1018kg/m3] [km] [M] [kHz] [kHz] [M]
0.500 12.116 0.535 2.945 4.179 –
0.800 11.817 1.118 3.156 6.707 –
1.000 11.689 1.417 3.009 7.011 –
1.500 11.183 1.836 2.440 6.984 –
2.000 10.666 1.991 1.814 6.750 –
2.500 10.236 2.040 1.102 6.515 –
2.800 10.020 2.046 0.427 6.385 –
3.000 9.890 2.046 0.660* 6.305 1.250
3.500 9.612 2.034 1.336* 6.121 1.272
4.000 9.384 2.015 1.708* 5.959 1.278
5.000 9.038 1.971 2.176* 5.686 1.271
6.000 8.788 1.929 2.480* 5.462 1.252
Table A2. Data for the BSk19 EoS.
ρc R M f0 f1 mbh
[1018kg/m3] [km] [M] [kHz] [kHz] [M]
0.500 11.874 0.388 2.768 3.343 –
0.800 11.136 0.832 3.276 6.428 –
1.000 10.995 1.090 3.247 7.116 –
1.500 10.576 1.520 2.892 7.494 –
2.000 10.120 1.726 2.410 7.420 –
2.500 9.713 1.816 1.878 7.257 –
3.000 9.372 1.851 1.257 7.082 –
3.200 9.253 1.856 0.942 7.013 –
3.500 9.091 1.859 0.270* 6.913 1.123
4.000 8.857 1.853 1.221* 6.757 1.146
5.000 8.495 1.826 1.950* 6.483 1.160
6.000 8.229 1.793 2.371* 6.252 1.154
Table A3. Data for the BSk21 EoS.
ρc R M f0 f1 mbh
[1018kg/m3] [km] [M] [kHz] [kHz] [M]
0.500 12.361 0.766 3.339 5.345 –
0.800 12.589 1.546 2.969 6.960 –
1.000 12.458 1.852 2.616 6.811 –
1.500 11.863 2.183 1.808 6.345 –
2.000 11.307 2.265 0.995 5.988 –
2.200 11.117 2.272 0.531 5.872 –
2.500 10.864 2.269 0.797* 5.719 1.401
3.000 10.514 2.248 1.374* 5.508 1.421
3.500 10.233 2.218 1.705* 5.334 1.422
4.000 10.003 2.187 1.941* 5.187 1.413
5.000 9.652 2.127 2.273* 4.946 1.386
6.000 9.396 2.075 2.505* 4.752 1.355
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Figure 11. Energy conditions (52a), (53a), (53b) and (54), for a initial central mass density ρc = 4.0 × 1018 kg/m3 with SLy EoS.
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